2. PRELIMINARIES

Remark 2.122. If B is left or right closed monoidal, we may simplify the Day
convolution product using the Yoneda lemma for coends:
a,b a,b
F+G= J Ba®b,—)® Fa®y Gb = J G(a,[b,—];) ® Fa ® Gb
(2.8.3)

(2.8.1

) b
~ J F([b,-];) ®k Gb,
a,b a,b
F*G:J ‘6(a®b,—)®kFa®kaEJ @b, [a,—],) ® Fa ® Gb

(2.8.4) .
GLY J Fa® G([a,-],).

Example 2.123. Consider a k-linear monoidal category X with a single object
x. Then A := Endy/(x) is a commutative algebra and [X, Vect] = Mod-A. Let
F,G: X — Vect be two functors. Writing M := Fx and N := Gx for the
corresponding modules over A, and an := na foralla € Aand n € N, we
obtain the following using Equation (2.8.3) and the definition of coends:

~ My N -
(FxG)x = 8 /<ma®kn—m®kan|meM,neN,aeA>_M®AN'
Thus, one recovers the tensor product of modules over commutative algebras.

Theorem 2.124 ([Day71]). For any monoidal category 6, the category [€°P, Vect]
is closed monoidal with Day convolution as its tensor product, 6(1, —) as its unit,
and the internal homs given for all F, G: €°P — Vect by

(2.8.5) [F,G], = J . Vect(6(— ® a,b), Vect(Fa, Gb)),

(2.8.6) [F,G], = J . Vect(6(a ® —, b), Vect(Fa, Gb)).

Remark 2.125. If the monoidal category 6 is closed, then the formulas for the
internal homs of [€, Vect] may be simplified by means of the Yoneda lemma:

[F,G], = J Vect(6(a ® —, b), Vect(Fa, Gb))
a,b
a
(2.8.7) = J Vect(6(a ® —,b) ® Fa, Gb) = J Vect(J G(a® —,b)® Fa, Gb)
a,b b

a 2.8.1
= J Vect(j G(a,[—,b],;) ® Fa, Gb) ( = : I Vect(F[—, b],, Gb),
b b
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2.9. (Co)completions

F, G, = L Vect(J (a, [~ bl,) @ Fa, Gb) LY J Vect(E[, bl,, Gb).

Remark 2.126. Whenever we treat @°P := [6, Vect] as a (closed) monoidal
category, we implicitly equip with the convolution tensor product. Analog-
ously, one may define a closed monoidal structure on @ = [6°P, Vect]. Note,
however, that in this case we cannot simplify the internal hom in the same
way as in Theorem 2.125; this would require the category €°P, as opposed to
@ itself, to be closed monoidal.

The convolution structure is particularly well-behaved on representables:

a,bed
B(—,x)*B(—,y) = J B(—,a®b)® B(a,x)® B(b,y) =6(—,x®Yy)

This connection extends to the entire functor category, see [Day71; IK86].

Proposition 2.127. For a monoidal category 6, the Yoneda embedding
L8 — @= [6°P, Vect], X — B(—, x)

is a strong monoidal functor.

2.9 (CO)COMPLETIONS

IN THIS SUBSECTION WE GIVE A BRIEF—INFORMAL—ACCOUNT of the results
regarding the monoidal pseudofunctoriality of cocompletions and the res-
ulting (co)completion operations for monoidal and module categories. We
refer to [Kel05; KS06] for generalities on (co)limits and (co)completions. We
implicitly assume all categories and functors to be k-linear.

Let @ be a class of diagrams. We say that a category is ®-cocomplete if it
admits colimits of functors with domain in @, and we say that a functor is
®-cocontinuous if it preserves such colimits.

Definition 2.128. A monoidal category 86 is called separately ®-cocontinuous
if @ is ®-cocomplete and its tensor product is separately ®-cocontinuous.

Similarly, for a @-cocomplete monoidal category %, a P-module category
JU is said to be separately ®-cocontinuous if Jl is ®-cocomplete and the action
— > = is separately ®-cocontinuous.
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(2.8.8)

(2.8.9)



